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Dynamic stabilization of straight and toroidal current-carrying plasma jets by a high-frequency quadrupole 

magnetic field was proposed by Osovets [1]. A more rigorous theoretical analysis of the problem was 

performed by Levin and Rabinovich [2], who obtained a Routh function for studying the dynamics of the 
filament in various magnetic fields for a thin filament experiencing Iongwave serpentine- and construction- 
type disturbances. In this paper, the method proposed in [2] is applied to the stabilization of a plasma 

filament in which (as distinct from [I, 2]) flows an alternating current while the quadrupole field is either 

constant, or varies at a high frequency, as in [1,2]. 

t .  The  m o t i o n  of th in ,  i d e a l l y  c o n d u c t i n g  annulus  a long  whose  s u r f a c e  f low a t r a n s v e r s e  c u r r e n t  I t and a 
l ong i tud ina l  c u r r e n t  12 can  be d e s c r i b e d  [2] by a Routh  func t ion ,  

R = Z ~ ?  (q)e-- q)2) '  ( Z = T - -  U) (1.1) 
2L1 2L2 

w h e r e  ~ is  the  m e c h a n i c a l  L a g r a n g i a n  of the  annu lus ,  T and U a r e  the k i n e t i c  and i n t r i n s i c  e n e r g i e s ,  ~1 is  the  f i e l d  
f lux  f r o z e n  wi th in  the  p l a s m a ,  B e i s  the  e x t e r n a l - f i e l d  f lux  t h rough  the  annu lus ,  ~2 is  the to t a l  f i e ld  f lux  th rough  the  

annu lus ,  and Lt and L 2 a r e  the  i n d u c t a n c e s  c o r r e s p o n d i n g  to the c u r r e n t s  I t and I 2. Owing to idea l  conduc t i v i t y ,  the  
f i e ld  f l u x e s  ~ and ~2 a r e  c o n s e r v e d ,  i . e . ,  

(I)z = c - t L J 1  = const, (I) 2 = c - l L J ~  + (I)" = const . (1.2) 

The Routh function (1.1) can be expressed solely in terms of mechanical variables, with respect to which it plays 

the role of an ordinary Lagrange function. For a known function (I.I), the derivation of the equations of motion and the 
stability analysis can be carried out by standard procedures. 

C o n v e n i e n t  f o r  u se  a r e  m e c h a n i c a l  v a r i a b l e s  in the f o r m  ~ ( r  6(q)), and o~(q)), wh ich  d e s c r i b e  the  p e r t u r b a t i o n  of 
the  annu lus  

r (~)=b[ l+~(~) l ,  z(~)=bS(~), a ~ = a [ l  +~(~)1. 

where r, ~, and z are the cylindrical coordinates of the axial curve of the filament; a and b are the inner and outer 
radii of an equilibrium annulus, respectively; aN is the variable cross-sectional radius; ~ and 6 are quantities 

characterizing the horizontal and vertical deflections; and oz is a quantity characterizing the constrictions of the 
filament. 

By expand ing  the  f u n c t i o n  e ,  5,  and c~ into  a F o u r i e r  s e r i e s  of the type  

e = So + ~ (enccos nq~ + e ~  sin nq@, (1.3) 

the functions T,  U, ~]/2L l and L 2 take the form [2] 

. 

U = Uo - -  PoVo {co + 2~o + 2 <~> § <c~2) - -  1/2 7 (~o + 2C~o) ~ + ~/2 <~'~ § 6' 2>} , 

(Pa z ] 2L ,  = p ,  Vo {t + eo - -  2a0 - -  2<ca> + 3 ( a  z} + ~/2 < e'z + 6'z>}, 

(1.4) 

(1.5) 

(1.6) 

633 



L~ = 2r~b {I + (l + 2) eo + eo 2 - -  2ao - -  2 <e~z> + <a  2) + 

+ ~/~,  n z [(A - -g~  (n)) e~ z + (A --  gz (n)) 6nZ] } , (1.7) 

where  

err 2 ~ ertc z @ 8ns 2, ~n~n  ~-- ~nc ~nc - 1 - e n s ~ n s  , 

while 6 2, c~2n, g2, ~2n, arm a2 n a re  of a s i m i l a r  s t ruc tu re ;  M and Vo a r e  the m a s s  and equ i l ib r ium volume of the annulus ;  
P0 is the equi l ib r ium gas p r e s s u r e ;  and 3' is the ra t io  of specific heats .  

P l = B 1  ~ /8n ,  B l = q h / ~ a  ~, A = l n 8 b  I = 2 ( A - - 2 )  

( , , 2 i - - / ' t -~  2 + 2 n~ ' gr (n) = 4n i=1 

w. 

1 

The bracke t s  denote averag ing  over  the azimuth angle ~0, 

2 ~  

o 

The funct ions T and U are  obtained under  the a s sumpt ion  of total  adiabat ic i ty ,  where the gas p r e s s u r e  is re la ted  
with the total  volume of the annulus  and by the adiabat ic  equation. Because of the approach used in the der iva t ion ,  
f o rmu la s  (1.4)-(1.7) have a phys ica l  mean ing  only for  e, 6, and ~ d i s tu rbances  that a re  smal l  compared  to unity but 
a re  la rge  compared  to the a / b  ra t io .  Moreover ,  the d i s tu rbances  mus t  be suff icient ly smooth:  the de r iva t ives  e ' ,  6 ' ,  
and a '  with respec t  to 99 may  not exceed the o rder  of magnitude of the funct ions themse lves .  This me a ns  that in 
expansions  of the (1.3) type, the h i g h e r - o r d e r  ha rmon ic s  have an in f in i t e s ima l  weight. Consequent ly ,  the deflect ion 
ha rmon ic s  under  cons ide ra t ion  sat isfy  condit ions of the fo rm 

na ] b . ~  nA~ / b . ~  t .  (1.8) 

where 5n  ~ ben ~ bSn is the d i sp lacement  of the f i l ament .  

Let us now de te rmine  the quanti ty ce  _ r which depends on the s t r uc t u r e  of the magnet ic  f ield.  The ex te rna l  
magnet ic  f ie ld  in the p rox imi ty  of the annulus  r e p r e s e n t s  a superpos i t ion  of the m a i n  field,  r equ i r ed  to keep the 
annulus  in equ i l ib r ium,  and an addit ional  quadrupole field, r equ i red  for  i ts  s tab i l iza t ion .  If the l ines  of force  of the 
ex te rna l  field a re  s y m m e t r i c a l  with respec t  to the plane z = o, and the ma in  f ield has a value of B0z = B 0 at the 
c i r cumfe rence  r = b, z = 0, then in the region  f i l led out by the annulus ,  the magnet ic  f ield can be r e p r e s e n t e d  with an 
accu racy  to (r - b) t e r m s  quadrat ic  with r e spec t  to z in the fo rm 

Br = Gz, B ,  = O, Bz =t?o  + G (r - -  b), 

where 

(1.9) 

t '~ ) (1.1o) G = Go 4-- Gq, Go = \--gi-r/r=b' aq = \ Or /,.=b ' 
Z~O Z:=O 

while the subsc r ip t s  0 and q r e f e r  to quant i t ies  a ssoc ia ted  with the ma in  and the quadrupole f ie lds ,  r e spec t ive ly .  

F ie ld  (1.9) is descr ibed  by a vec tor  potent ial  with one component A~o = A, 

OA B --  0,4 + A (1.11) 
B r - = - - ~ ,  * - -  Or -7" 

By expanding A into a Taylor  s e r i e s  in the p rox imi ty  of an equ i l ib r ium f i l ament ,  and using fo rmulas  (1.9)-(1.11) 
in combinat ion  with the equali ty dl~o = b(1 + e)d~o in [2], for  the ex te rna l  f ield flux through a pe r tu rbed  annulus  we obtain 

qS~ = 5Adl = gPo + q3q'+ r~b 2 [2Boeo + Bo <e2) + bG<e 2 - -  62>1 
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w h e r e  4'o and ~ q  a r e  the  f l u x e s  of the  m a i n  and q u a d r u p o l e  f i e l d s  t h rough  the  p e r t u r b e d  annu lus .  We e x a m i n e  the  c a s e  

in wh ich  the l ong i tud ina l  c u r r e n t  in the  f i l a m e n t  is  

12 = I ~  cos(ot (1.12) 

and the  q u a d r u p o l e  f i e l d  is  c o n s t a n t ,  a s s u m i n g  tha t  

r = ~Poo ~ q)oo coscot, (Pq = ~qo = const .  (1.13) 

Then ,  the  s e c o n d  r e l a t i o n  in (1.2) y i e l d s  

(I)oo -}- (I)o~ cos(ot ~ q)qo - -  (I)~ = - -  2~blc  -I  I2c cos cot. (1.14) 

Hence 

r q- ~qo - -  q3~ = O, C9oc = - - 2 a b I c  - i  Io.~ . (1.15) 

The f i r s t  e q u a t i o n  in (1.15) shows  tha t  the  f lux  ~00 is  n e c e s s a r y  to c o m p e n s a t e  f o r  ~q0 in the c a s e  in which  the 
p l a s m a  annulus  f o r m s  p r i o r  to a p p l i c a t i o n  of the  f i e l d ,  and c o n s e q u e n t I y  ~2 = 0. 

The  f i e ld  r e s p o n s i b l e  f o r  the  f lux  ~oo should  be s e l e c t e d  in such  a way  tha t  i t  v a n i s h  in the  r e g i o n  f i l l e d  out by the 
p e r t u r b e d  annu lus ,  f o r  wh ich  E q s .  (1.9) and (1.10) hold .  Then ,  o b v i o u s l y ,  B 0 = B0c cos  wt,  Go = G0c cos  o~t, i . e . ,  B 0 
and Go do not c o n t a i n  c o n s t a n t  , componen t s .  As  d i s t i n c t  f r o m  Go, in v i ew of the c o n s t a n t  q u a d r u p o l e  f i e ld ,  Gq = Gc~0 = 
= c o n s t .  

F o r  f u r t h e r  a n a l y s i s  it i s  c o n v e n i e n t  to i n t r o d u c e  a m e a n  f i e l d  B'  = ~oe/Trb 2. F r o m  the  s e c o n d  equa t ion  in (1.15) it  
f o l l o w s  tha t  the  m a g n e t i c - f i e l d  a m p l i t u d e  of c u r r e n t  12, 

i s  r e l a t e d  to B '  by the  s i m p l e  e x p r e s s i o n  

w h e r e  

B~ = 212 ] ca = B2~ cos cot 

B~c = - - B ' b  ] a l .  

A f t e r  s o m e  s i m p l e  but  c u m b e r s o m e  t r a n s f o r m a t i o n s ,  we  ob ta in  

(00 ~ - -  (I)2)a ] 2L2 = P2c Vo [(/ q- to) (i -{- cos 2(0 0 -4- 4 (b/a) 2 %0 • 
• <5 2 - -  e2) cos(ot] , 

(1.~6) 

(1.17) 

to = ( K - -  2) eo q- 2ao --I 2 <ect>--  2 (l -{- 4 - -  K) l - i  eoa o q- 

q -4 l -~ao~ §  q - 4 - - K )  2 l - ~ - - i ]  %2__<a2> q _ % ( l  q - K ) X  

• < e2> -4- 2 (b[a) z no <5 ~ - -  s 2) - -  t/~ ~ n 2 [(A - -  gr (n)) s~2-1 - 

q- (a  - -  gz (n)) 6n21, (1.18) 

K = (4Z - -  1) l ,  ~ = Boo / B ' ,  P~c = B2~ = ] t 6 a ,  

~o = aGoe/B2c, • = aGqo ] B2c.  

By add ing  (1.5),  (1.6),  and (1.17) and e q u a t i n g  to z e r o  the  t i m e - i n d e p e n d e n t  c o e f f i c i e n t s  of c~ 0 and e 0 , we  a r r i v e  
at c o n d i t i o n s  f o r  wh ich  f o r c e d  o s c i l l a t i o n s  of the i n n e r  and o u t e r  r a d i i  of the  annulus  o c c u r  about  the  v a l u e s  of 
a and b, 

po = ~]~ (K - -  i)  P2~, Pl = ~]2 (3 - -  K )  P~.e. (1 .19)  

C o n s e q u e n t l y ,  the  p a r a m e t e r  K m u s t  s a t i s f y  the i n e q u a l i t i e s  

i < K ~ 3. (I .20) 

Taking (I .19) into consideration, for the generalized potential energy of the annulus 

W = U ~- O12 / 2L 1 ~- ((I) e - -  ~2)2  } 2L2 �9 ( 1 . 2 1 )  
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we obtain the express ion  

W = Wo § {[2 (2 - -  K) + y  (K --  i) + 4 / - q  no2§ 

+ ' / ~ [ ( /  + 4 - -  K) z l  - ~ - 4  ~ - ~ ( K - -  i)]eo 2 -}- [Y (K - i) - 
(1.21) 

- - 2 ( l  §  l -i]eoao + ( 2 - - K ) ~ , a ~  2 § 2 4 7  

__i/~ ~ n 2 [(/ + K --  q, (n)) e~ 2 + (l + K --  q, (n)) 5~Zl + 2 (b/a)2• 
n - - ~ l  

x(• + 2• cos rot) <6~ - -  ~2> + u, cos 2 mr}, 

where W0 is the potential  energy of the unper tu rbed  annulus ,  

q~ (n) = 2 [g~ (n) --  tl ,  q~ (n) = 2 [g, (n) --  II 

F o r m u l a s  (1.4) and (1.21) yield the r equ i r ed  Routh function R = T - W, which in p r inc ip le  p e r m i t s  complete  
ana lys i s  of the annulus  motion.  The p rob lem is complicated,  however,  by the fact that the individual  pe r tu rba t ion  
ha rmon ic s  do not const i tute  n o r m a l  osc i l la t ions  of the sys tem.  It can be seen f rom (1.4), (1.18), and (1.21) that there  
ex is t s  a re la t ionsh ip  between the osc i l la t ions  about the outer  and inner  radi i  ( s a - r e l a t i o n s h i p ) .  At the same t ime,  the 
absence  of 6 a - r e l a t i o n s h i p  indica tes  that in the case of a s t ra igh t  f i l ament ,  die ha r mon i c s  a r e  not re la ted ,  i . e . ,  that 
they a re  no rma l  osc i l l a t ions  of the sys tem.  Indeed, by set t ing 

x---- be, z---- bS, p-~ac~ 

and pass ing  to the l imi t  (b ~ oo and n --* ~) at a f inite ra t io  n / b  = k (which const i tu tes  the pe r tu rba t ion  wave number ) ,  
for  the ins tan taneous  kinet ic  energy  T 1 and ins tan taneous  potent ia l  energy  W 1 we obtain expres s ions  in which a l l  the 
ha rmon ic s  a r e  separa ted  

T~ = -5" ~a ~ x02 + z0 ~ § -U Po + ~, [~-(xk +'zk 2) , 
k " 

W~ = Wo~ § {[2 (2 - -  K) + ,~ (K --  t)1 po ~ § (2 - -  K) ~ 9~ 2 - -  

--  t/4 ~ (ka)~ [21n(2/ka)-  2C -}-K --3]  (x~ ~ -[-z~ ~) -}-4• X 
k 

X cos 2o)t + [2a90 --  <p2> ,  t}4 ~, (ka)2 [21n (2/ka) - -  2C --  11 (xk ~ -{- 
k 

-b zh 2) ] cos 2o)t} 

(C = 0 . 5 7 7 . . . i s  the Euler  constant) .  

(1.22) 

(1.23) 

Here,  a is the p lasma densi ty ,  while summat ion  is  pe r fo rmed  over  wave n u m b e r s  k that sat isfy,  in accordance  
with (1.8), the condit ions 

ka ~ kA~ . ~  i . 

Express ion  (1.23) lacks t e rms  with B 0 and C 0, s ince for  a s t ra ight  f i l ament ,  no ex te rna l  f ield bes ide  the 
quadrupole f ield is requ i red .  

Let us now analyze  the s tab i l i ty  of a s t ra ight  f i l ament ,  keeping in mind the following c i r c u m s t a n c e s :  f i r s t ,  that 
for  a s t ra igh t  f i l ament ,  the individual  pe r tu rba t ion  ha rmon ic s  a re  no rma l  osc i l l a t ions ,  so that the s tab i l i ty  condit ions 
obtained a re  condit ions suff icient  for  s tab i l iza t ion ,  second,  that in the ana lys i s  of a s t ra ight  f i l ament ,  a l l  the in t r in s i c  
c h a r a c t e r i s t i c s  of a sys t em with an a l t e rna t ing  longi tudinal  cu r r en t  a re  r e t a ined  (with the exception of the forced  
osc i l la t ions  of the outer  radius) ,  and third,  that toroidal  geometry ,  as shown in [2], has an apprec iab le  effect only on 
the s tabi l i ty  condit ions of ha rmon ic s  with n ~ 1, where  dynamic  s tab i l iza t ion  by a quadrupole f ield is  mos t  effective,  
while for  more  c r i t i ca l  (from the viewpoint  of l i n e a r  theory) ha rmonics  with n >> 1, the effect of a toro ida l  geomet ry  
is unessen t i a l .  If n e c e s s a r y ,  the s tabi l i ty  of the annulus  can be analyzed with the aid of the Routh funct ion obtained, 
along the same l ines  as the s tabi l i ty  of a s t ra ight  f i l ament .  

2. The equat ions of motion for  mechan ica l  va r i ab le s  have the fo rm 

Po" ~- 2v-212 (2 - -  K) + y ( K - -  i ) - -  eos2-dpo = --2av-2 cos 2% 

T =  ot ,  
(2.1) 
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Pk" +~]a(ka)Zv-2[ 2 ( 2 - K ) -  cos 2x]p~ = 0, ~ =  cot 

xo ~ - -  i6~r cos2x = 0, 2~ = cot, 

zo" + t6u~0v-2zo cos2~ = 0, 2~ = cot, 

x~" - -  2w -2 [(tea) 2 Ah-~ 8• (ka)2(A~+ 2--K)cos 4x]x~ = 0,  
2T = o)t, 

z ~ " - -  2v-~[(ka)2A~ - -  8• 2~ + (ka) ~ (A~+ 2 - -K)  cos.4~]z~ = 0, 
2 ~ =  cot. 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

He re, 

v = co ] ~, ~2 = 2p2c / (~a2), A h = 21n (2/ka)  - -  2C + K - - 3 ,  

while the p r ime  denotes d i f fe rent ia t ion  with r e spec t  to ~-. Equat ions (2.1)-(2.6) can be reduced to the s tandard  form of 
Hi l l ' s  equation [3] 

u" + (00 + 201 cos2~ + 203 cos @) u = 0 ; (2.7) 

Eq. (2.1) dif fers  f rom the other  equat ions only by the p re sence  of a r igh t -hand  side.  

Let us examine  f i r s t  s e rpen t i ne - t ype  osc i l l a t ions  (2.3)-(2.6) .  The coeff icients  00, 01, and 02 can be wr i t ten  at 
once for  any wave n u m b e r  k: 

00 = --2 (ka)2v-2Ah, 01 = ___ 8• -2 ,  

03 = --(ka)~v -2 (A~ + 2 - -  K). (2.8) 

F o r  osc i l l a t ions  with r e spec t  to z and 0 z, one should take the plus sign, and for  osc i l la t ions  with r e spec t  to x, the 
minus  sign.  In the case  of a d i sp lacement  of the f i l ament  as a whole, k = 0, 00 = 02 = 0, and in o rder  to obtain 
s tabi l i ty  [3], the inequal i ty  

[01[<0 .9 .  (2.9) 

must be satisfied. 

It is t rue that there  exist  s tab i l i ty  reg ions  a lso  for  {01{ >> 1; however,  they do not to le ra te  p a r a m e t e r  va r ia t ions  
within nar row l imi t s ,  and a re  the re fo re  of l i t t le  p r a c t i c a l  i n t e r e s t .  F o r  d i s tu rbances  at f ini te  wavelengths (specif ical ly  
s e rpen t ine  d i s tu rbances ) ,  we have 00 < 0, and provided that inequal i t ies  (2.9) and 

{02{ < I (2.10) 

are  sa t is i fed,  the s tab i l i ty  condit ion can be wr i t t en  with sa t i s f ac to ry  accu racy  [3] in the fo rm 

00 -4-i/2012 (t @i/ 0 3 ) > 0 .  (2.11) 

By solving this inequal i ty  in combinat ion  with (1.20) and (2.10), and taking the concre te  fo rm of 00 and 02 into 
account ,  it can be shown that t02 { -< 1/2 even for  ka < 1/4 and that,  the re fore ,  the t e r m  containing 02 in (2.11) can be 
neglected.  Then ins tead  of (2.11) we have 

00 @ i/2 012 > 0, (2.12) 
which together  with (2.9) y ie lds  

1/2{00] < {01] < 0.9. (2.13) 

By subs t i tu t ing  00 and 01 f rom (2.8) into (2.13), we get 

v > ~ o  - -  2 .2ka  ] / ~ k  , (2.t4) 

0.9roy < 8• < 0.9v ~. (2.15) 

P r o c e e d i n g f r o m  (2.14)and (2.15), it is poss ib le  to de t e r mi ne  the c u r r e n t  f requency co in the f i l ament  and the 
g rad ien t  Gq0 of the quadrupole  f ield that a re  suff ic ient  for  s tab i l i z ing  se rpen t ine - type  d i s tu rbances .  
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Let us turn now to the ana lys i s  of r ad i a l  osc i l l a t ions  of the f i l ament .  As dis t inct  f r o m  a s y s t e m  with d i r ec t  
cu r ren t ,  in which case  r ad ia l  osc i l l a t ions  a r e  d e s c r i b e d  by equations with constant  coef f ic ien ts ,  in the case  under  
cons ide ra t ion - - ju s t  as for  se rpen t ine  d i s t u rbances - - t he  co r respond ing  equat ions a r e  of the (2 .7 ) type .  

It fo l lows f r o m  (2.2) that fo r  cons t r i c t ions  (k ~ 0), 

0 o = i]~(ka)2~, -~ (2 - -  K), 01 = - -  1]s(ka)2~-g, 03 ----- O.  (2.16) 

If condit ion (2.14) is sa t i s f ied ,  it can be r ead i ly  shown that 101 I << 1. In this case ,  for  K -> 2, whe re  00 -< 0, the 
s tabi l i ty  c r i t e r i o n  has the f o r m  (2.12). By subst i tu t ing 00 = 401(K - 2) into (2.12), we obtain fo r  K the inequal i t ies  

0 ~ K - -  2 < i/g [01[ ~ ~/8. 

F o r  a f i l ament  with d i r ec t  cu r r en t  [2], the cons t r i c t ions  a r e  s table  fo r  K < 2, which, by v i r t ue  of (1.19), is 
equivalent  to the wel l -known condit ion Pl > P0. 

Without a t taching undue impor t ance  to a sma l l  i n c r e a s e  
the consequences  of K -< 2 fo r  a f i l ament  with an a l t e rna t ing  
p a r a m e t r i c  exci ta t ion  of the cons t r i c t ions  is poss ib le .  Since 
one mus t  sa t i s fy  [3], as  an example ,  the inequal i ty  1 - IOtl 

in the m a x i m u m  p e r m i s s i b l e  value of K, le t  us examine  
cu r ren t .  In this  case ,  00 -> 0 and, consequent ly ,  a 
for  condit ion 2.14) 10 il  << 1, in o r d e r  to obtain s tab i l i ty  
> 00, which with a l lowance f o r  (2.16) y ie lds  

,v ~ :>  1Is (ka) 2 [i -~ 4 (2 --  K)].  

The l a t t e r  inequal i ty  is sa t i s f i ed  as soon as condit ion (2.14) is fulf i l led.  This  means  that if K -< 2 (i. e . ,  pl > P0), 
a f i l amen t  s table  with r e s p e c t  to se rpen t ine  d i s tu rbances  is a l so  s table  with r e s p e c t  to cons t r i c t i ons .  

F ina l ly ,  let  us examine  the osc i l l a t ions  of the f i l amen t  radius  (k = 0). Equation (2.1) has the coef f ic ien ts  

0o = 2 ~ - 2 1 2  (2 - -  K)I + v (K - -  t)] ,  01 = - - ~ - ~  0 2 = 0 ,  (2.17) 

and a r igh t -hand  side p ropor t iona l  to cos  2T. This  means  that the f i l ament  undergoes  f o r c e d  osc i l l a t ions  at a f r equency  
of 2r However ,  an ex te rna l  f o r ce  of this type is not a resonan t  f o r c e  [4], and t h e r f o r e  s tab i l i ty  is defined so le ly  by the 
coeff ic ients  (2.17) of a homogeneous  equation.  

By wr i t ing  00 in the f o r m  00 = 2u -2 [3 - K + (T - 1) (K - 1)] we v e r i f y  that 00 > 0 holds for  any value of K within 

the range (1.20), s ince T > 1. As in the case  of cons t r i c t ions ,  a p a r a m e t r i c  bui ld-up of osc i l l a t ions  can a l so  occur  in 
this case .  The width of p a r a m e t r i c  exci ta t ion  r eg ions ,  as  we know [3], i n c r e a s e s  with i nc r ea s ing  ra t io  00/10 t I. In the 
case  under  cons idera t ion ,  00/t01 f = 2[2(2 - K )  + T(K - 1)] and, if 2 >- K > 1 and 7 -< 2, then 

2 7 ~ 0 o  / I 011~4 .  

Hence,  the ins tab i l i ty  reg ions  wil l  be wides t  fo r  00 = 27 l01 I, whe re  K = 2. 

F o r  this case ,  set t ing ~/= 5 /3 ,  we define the boundar ies  of the f i r s t  t h ree  p a r a m e t r i c  exc i ta t ion  reg ions  and 
the i r  r e l a t i v e  hal f -widths :  

~max - -  vmin 
S =-- Vmax _~ Vmln 

2.08 > ~ > i.53, S = 0.i5 (i region) , 

0.9i > ~ > 0.82, S ~ 0.05 (2 region), 

0.605 > ~ > 0.580, S = 0.02 (3region). 

Most hazardous  is  the f i r s t ,  wides t  ins tab i l i ty  reg ion .  However ,  by se l ec t ing  u s l ight ly  above its c r i t i c a l  value 
as defined by c r i t e r i o n  (2.14), we get  u < ],  so that  the opera t ing  point does not come to lie in the f i r s t  r eg ion .  The 
r e m a i n i n g  reg ions  a r e  r e l a t i v e l y  na r row,  so that the probabi l i ty  of h i g h e r - o r d e r  p a r a m e t r i c  r e s o n a n c e  is sma l l .  If 
need occu r s ,  an undes i rab le  r e sonance  can be "tuned out" by s l ight ly  changing a s y s t e m  p a r a m e t e r  

Thus,  the f i l amen t  may be cons ide red  s table with r e s p e c t  to longwave s e r p e n t i n e -  and cons t r i c t i on - t ype  
d i s tu rbances  if the condit ions (2.14) and (2.15) a r e  sa t i s f ied  and K -< 2 (Pl >- P0). In the f igu re  (r ight  branch) ,  s tab i l i ty  
r eg ions  of the f i l amen t  a r e  plot ted f o r  K = 2, which f o r  a given value  of ka l ie  between a parabola  and the 
correspon~ling s t ra igh t  l ine.  It is obvious that the va lues  of u and ~r r e q u i r e d  for  s tab i l iza t ion  i n c r e a s e  as the 
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wavelength of the d i s tu rbance  d e c r e a s e s .  F o r  K < 2, the s tab i l i ty  reg ions  cont rac t  s l ightly,  owing to an i nc r ea se  in the 
slope angle of the s t ra ight  l ines .  

/ / t  ,' 

0 02 Og 06 0C 

Fig. 1 

3. Let the quadrupole field now vary at the same frequency as the filament current but with a phase shift of a 
quarter-period, i.e., if the current has the previous form (1.12), then 

Bq = Bqs sin cot, Gq = Gas sincot 

and hence 

(I)q = (I)qs sincot. 

The s y m m e t r y  of the x and z osc i l l a t ions  is not d is rupted  at the c loses t  phase dr i f t s .  

The flux ~ should be taken in a more general form than in Eqo (I.13). 

(I)o = (1)oo + r coscot + qbos sincot. 

Then,  ins tead  of (1.14) we obtain 

q)oo + (I)oc cosot + Oos sin cot + ~qssin cot - -  (I)~ = --2~blc-iI2c coscot 

F r o m  here ,  we have 

(1)oo --  O~ = 0, r + (I)qs = 0, (I)oc = --2gblc-~I~.  

Apparent ly ,  the flux 4'oo may  be absent  a l together  (~2 = 0) ,  while ~q m u s t  be now compensa ted  for by the 
a l t e rna t i ng  flux ~0s s in ozt. In Eqs.  (1.17), (1.21), and (1.23), Gq0 cos wt mus t  be r ep l aced  by ( 1 / 2 ) G q s  s i n  2wt. 

As in the ease  of a constant  quadrupole  field,  the rad ia l  osc i l la t ions  of a s t ra ight  f i l ament  a re  descr ibed  by Eqs. 
(2.1) and (2.2), while the equat ions for  s e rpen t ine - type  osc i l l a t ions  take the form 

xo" - -  2• o sin 2~ = 0, 

zo" -~ 2ZqsV-2Z 0 sin 2~ = 0 ,  

xk" --  f/o,v-2[(ka)2A~ + 4• sin 2~ + (ka)~ (A~ + 2 - -  K)cos2vlx~ = 0,  

z ( '  - -  '/2v-~[(ka)'- Ah -- 4• sin2~ + (ka) z (A~§ 2 --  K) cos 2z]zh = 0, 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

where 

-z = cot, xqs = aGqs / B2o. 

By an appropr ia te  shift with r e spec t  to % Eqs. (3.1)-(3.4) reduce  to the s tandard  fo rm (2.7). The i r  s tabi l i ty ,  
the re fo re ,  can be analyzed along the same l ines  as in sect ion 2 for  a constant  quadrupole field. Omitt ing the 
p a r t i c u l a r s ,  we wr i t e  the f i l ament  s tab i l i za t ion  condit ions as follows: 

K < 2, ~ > v s  ~ tAka l / ' ~ ,  0,9~v < • < 0.9~ 2 . (3.5) 

With r e spec t  to osc i l l a t ions  of the f i l amen t  rad ius ,  condit ions (3.5) hold with the same  r e s e r v a t i o n s  as in sect ion 
2. The f igure  (left branch)  shows the s tab i l i ty  reg ions  obtained on the bas i s  of inequal i t ies  (3.5) for  K = 2. 
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4. F o r  c o m p a r i s o n ,  we g ive  the r e s u l t s  of [2],  which can be r e a d i l y  w r i t t e n  f o r  a s t r a i g h t  f i l amen t :  i f  
K ~ 2, v ~ v c ~ 2,2ka VA~, 0.9vc~ ~ 4• ~ 0.9~ ~ (4.1) 

(• = aGqc / B2, Brt : const, (7(1 = Gqc cos (0t) , 

then the f i l ament  is stable witfi r espec t  to longwave se rpen t ine -  and cons t r i c t ion- type  d i s tu rbances .  In the f igure 
(cent ra l  branch,  dashed c u r v e s ) ,  the s tabi l i ty  regions  of the f i l ament  a re  plotted on the bas i s  of inequal i t ies  (4.1) for  
the l imi t ing  case K = 2. 

F r o m  (2.14), (2.15), (3.5),  and (4.1), one can ob ta in  the r e l a t i o n s  

Gqc = 2Gqo = Gqs, a) c = oo  = 2o3s 

for  the lower bounds of the operat ing f requenc ies  and quadrupolefield grad ien ts .  Here ,  the subsc r ip t s  c and s r e f e r  
to quant i t ies  assoc ia ted  with d i rec t  [2] and a l t e rna t ing  (sect ion 3) cu r r en t s  in an a l t e rna t ing  quadrupole field, and the 
subscr ip t  0 r e f e r s  to the d i rec t  c u r r e n t  in a constant  quadrupole field (sect ion 2). It can be seen that in compar i son  with 
the s tabi l iza t ing  method [2], in the case of an a l t e rna t ing  c u r r e n t  in the f i l ament ,  one can halve the gradient  of the 
s tab i l iz ing  field when this field is constant ,  or halve the operat ing f requency  when both the field and c u r r e n t  a re  
a l t e rna t ing .  The f i r s t  two ve r s i ons ,  where  e i ther  the c u r r e n t  or the quadrupole f ield is constant ,  a re ,  however ,  more  
a t t rac t ive  f rom the p rac t i ca l  point  of view. 

The author  is indebted to M. L. Levin for  useful  d i scuss ions  and advice.  
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